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Abstract Fractal dimension has been considered as a

measure of fracture surface roughness of materials. Three-

dimensional (3D) surface analysis is anticipated to provide

a better evaluation of fracture surface toughness and fractal

dimension. The objective of this study was to quantify the

fracture surfaces and identify a potential relationship

between fracture toughness and fractal dimension in a new

type of core–shell titanium–iron particulate reinforced

hydroxyapatite matrix composites using SEM stereoscopy

coupled with a 3D surface analysis. The obtained results

showed that both fracture surface roughness and fractal

dimension increased with increasing amount of core–shell

Ti–Fe reinforcing particles. The fractal dimension was

observed to be a direct measure of fracture surface

roughness. The fracture toughness of the composites

increased linearly with the square root of fractal dimen-

sional increment (i.e., followed the Mecholsky–Mackin

equation well) due to the presence of Ti–Fe particles along

with the effect of porosity in brittle materials. The 3D

fractal analysis was suggested to be a proper tool for

quantifying the fracture surfaces and linking the micro-

structural parameter to fracture toughness.

Introduction

Materials science is one of the major fields where quanti-

tative fractography is of vital importance since the

mechanical properties of materials are directly associated

with the microscopic fracture events or fracture mecha-

nisms/modes. The concept of fractal dimension proposed

by Mandelbrot [1],1 being a measure of the irregular sur-

faces with self-similar (or self-affine) nature, provides a

basis for the quantitative description of tortuosity or

roughness/ruggedness of fracture surfaces and other sur-

faces, and the potential relationship between the fractal

dimension and mechanical properties. Coster and Cher-

mant [4], for the first time, pointed out the possibility of

applying fractal geometry to the quantitative characteriza-

tion of fracture surfaces. Manderbrot et al. [5, 6] firstly

brought this concept in materials science in 1984, followed

by several other Nature and Science articles including

[7–10]. Computer models was initially used to simulate a

variety of fractal pattern formation processes associated

with material failure and deformation, which was found to

reproduce surprisingly well the characteristic morphologies

observed in a wide range of real material systems, and thus

offered a foundation for developing a better understanding

of the mechanical properties of materials [10].

Over the last nearly three decades, extensive studies on

the applications of fractal geometry in the field of materials

science have been conducted on metals [5, 11–20], polymers

[21–24], ceramics [25–27], concrete [28], bulk metallic
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glass [29], high-temperature superconductor [30–32], com-

posites [33–36], soft material chocolate [37, 38], trabecular

bone [39–41], cells, and rough substrates [18, 42–44].

Recently, a relationship among fractal dimensional incre-

ment, fracture energy, Young’s modulus, and a character-

istic dimension related to the structure of the material has

been established to link atomic bond breaking processes to

the features on the fracture surface of materials [45]. These

studies suggested that the fracture process itself could be of

fractal nature and the fractal dimension played a key role in

bridging microscopic fracture events and macroscopic

properties. So far the fractal dimension has been found

extensive applications in many fields. For example, it has

been used to study the potential failure causes of clinically

ceramic restorations that could not be analyzed only using

fractography [46], interpret the relevant experimental data

related to the crack-size dependence of the fatigue threshold

in metal [47], estimate the theoretical strength so as to assess

the potential for improving processing and design of struc-

tures [48, 49], offer a new theoretical basis for the empirical

Kitagawa diagram used to describe the variation of the

fatigue threshold stress intensity range with the crack length

[50], establish the relationship between the rupture proper-

ties and fracture surfaces in a cobalt-base alloy [51], etc.

It should, however, be noted that the reported experi-

mental results between fractal dimension of fracture sur-

faces and mechanical properties might be negative [5] or

positive [25, 52]. Such relationships have been pointed out

to be dependent on the microstructure of fractured mate-

rials and measurement methods [13, 53]. For instance,

Charkaluk et al. [13] reported that the variations of fractal

dimension obtained in some cases could be of the same

order of magnitude as the measurement errors. In recent

years, a computer-aided stereo matching method using a

stereo pair (scanning electron micrographs) has been suc-

cessfully utilized in the reconstruction and analysis of

complex three-dimensional (3D) fracture surfaces in

materials [16, 54–59]. This method, which yields the

effective depth and shape of the fracture surface features

(e.g., pores), permits to overcome the drawbacks and

ambiguities of traditional image analysis techniques such

as one- (1D) and two-dimensional (2D) measurements,

where dark particles often confuse with pores. It is antic-

ipated that the 3D measurements of irregular fracture sur-

faces with varying scale lengths would be more appropriate

to determine the fractal dimension of fracture surfaces.

The present authors [60] have recently developed a new

type of titanium–iron particulate reinforced hydroxyapatite

composites via pressureless sintering in vacuum at a rela-

tively low temperature. It was observed that the flexural

strength, fracture toughness, and fatigue resistance

increased significantly with increasing amount of titanium–

iron particles due to the occurrence of a variety of

toughening mechanisms including crack bridging, branch-

ing, and deflection in the composites. The subsequent

fracture surfaces looked visibly rougher or more irregular.

However, it is unknown if the fractal concept can be used

to characterize the fracture surface of the newly developed

titanium–iron particulate reinforced hydroxyapatite com-

posites, and if the measuring method of fractal dimension

using SEM stereoscopy coupled with 3D surface reported

by Venkatesh et al. [16] is able to capture the fracture

surface features of brittle materials. Therefore, this study is

aimed at evaluating the fractal dimension of fracture sur-

faces of titanium–iron particulate reinforced hydroxyapa-

tite composites via 3D measurements of fracture surface

areas and identifying a potential relationship between the

fractal dimension and fracture toughness so as to provide

important information on improving the fracture resistance

of the bio-composite materials by controlling the micro-

structural features along with the fabrication process.

Materials and methods

Hydroxyapatite (HA) composites with varying amounts (5,

10, and 15%) of Ti–Fe reinforcing particles with a ratio of

Ti–33 wt% Fe were fabricated. Details on the fabrication

and processes of the Ti–Fe particulate reinforced HA-

matrix composites can be found in our recent publication

[60]. The fracture surfaces were obtained from three-

point bending (TPB) tests using samples prepared in

accordance with ASTM C1161, with a dimension of

25 mm 9 2 mm 9 2 mm. The tests were conducted with a

computerized Instron 8801 testing system in conjunction

with a three-point bending stage having a support span of

20 mm. The applied crosshead speed was 0.2 mm/min.

Fracture toughness was determined using a Vickers

indentation technique [61]. The microstructure and fracture

surfaces of the HA-based composites were examined using

a scanning electron microscope (SEM) coupled with

energy dispersive X-ray spectroscopy (EDS) and 3D frac-

tographic analysis capabilities. Fractal dimensions were

determined via the following stages: (1) obtaining 3D

images of fracture surfaces by a SEM stereo-imaging

technique; (2) converting the 3D images into a digital

elevation model (DEM) using a cut-off wavelength of 5k
(where k is in micrometer) via the MeX software; (3)

calculating the fractal dimension and surface roughness.

The evaluation method has been described by Venkatesh

et al. [16] and is briefly summarized here. The relative area

(the ratio of the measured 3D fracture surface area to its

projected area) versus the lateral resolution in a double-log

coordinate was first plotted [16]. The fractal dimension, Df,

was then evaluated from the slope, k, of the obtained

straight line according to the following equation:
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Df ¼ 2� k: ð1Þ

The surface roughness was determined from the 3D

images of fracture surfaces [62].

Sa ¼
RR

a
Zðx; yÞj jdxdy

Ae

; ð2Þ

where Z(x, y) is the height function representing the point-

by-point deviations between the measured topography and

the mean surface, and Ae is the evaluation area.

In this study, the 3D images of fracture surfaces used for

the fractal analysis were taken near the center of fracture

surfaces at a magnification of 2000 times. Since the frac-

ture topography itself could affect the final result [15], to

improve the accuracy in a statistical sense, five 3D images

were analyzed and the averaged values were reported for

each composite material.

Results and discussion

The sintering of Ti–Fe particulate reinforced HA-matrix

composites in vacuum at 1000 �C for 2 h resulted in a

special core/shell structure of Ti–Fe particles that consisted

of outer titanium and inner iron [60]. Figure 1 shows a

representative back-scattered electron image of the

microstructure of HA with 5% Ti–33% Fe particles (taken

on a polished sample), together with a typical EDS line

scan across the core/shell particle. It is seen that the core/

shell type of Ti–Fe particles were uniformly distributed in

HA matrix. The presence of titanium located in the outer

shell was observed to provide a better interfacial bonding

between the HA matrix and reinforcing particles, thus

improving the fracture resistance of HA. The details on the

formation of the unique core/shell microstructure have

been given in [60].

Typical 3D images of fracture surfaces of HA/5%(Ti–

33% Fe), HA/10%(Ti–33% Fe), and HA/15%(Ti–33% Fe)

are shown in Fig. 2. It is seen from Fig. 2a that the surface

of HA with 5% particles exhibited some bumps and ridges.

This was attributed to the presence of ductile Ti–Fe rein-

forcing particles which exhibited plastic stretching due to

their relative softness and bridging an advancing crack,

thereby making a significant contribution to the improve-

ment of mechanical properties of the composites [60].

Compared Fig. 2b and c with Fig. 2a, it is evident that the

bumps and ridges on the fracture surfaces increased con-

siderably with increasing amount of Ti–Fe particles. The

above eye-catching observations can further be corrobo-

rated by quantitative 3D measurements of the average

roughness Sa values obtained from the fracture surfaces of

HA composites with 5, 10, and 15% Ti–Fe particles, as

shown in Fig. 3. The fractal dimension increased linearly

with increasing roughness (and both parameters increased

with increasing amount of Ti–Fe particles), which could be

described by the following equation,

D ¼ aþ bSa; ð3Þ
D� ¼ bSa; ð3aÞ

where a = 2.00 and b = 0.16 in the present study. A

similar linear relationship was reported by Venkatesh et al.

[16] and Chappard et al. [18] as well. This corresponded

well to the fractographs shown in Fig. 2, i.e., the quanti-

tative results were in good agreement with the qualitative

appearances of ‘‘roughness’’ or ‘‘ruggedness.’’ It follows

that the fractal dimension is a direct measure of fracture

surface roughness. It should be pointed out that it was not

possible to acquire 3D images of the pure HA due to the

flatness of its fracture surface [60]. For the sake of dis-

cussion below, we assumed that the fracture surface of pure

HA was an ideally flat plane with a fractal dimension of

2.00. Furthermore, it has also been recognized the special

core–shell Ti–Fe particles were irregular (Fig. 1a), and the

Fig. 1 a Back-scattered electron image and b EDS line scan across a

typical Ti–Fe particle in the HA/5%(Ti–33 wt% Fe) composite
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interfacial bonding condition between the reinforcing par-

ticles and HA matrix would be different. Therefore, the

varying extent of the microstructure of the composites

increased with increasing content of Ti–Fe particles, which

would result in different degrees of fracture topography,

accompanied by a bigger scatter of fractal dimension.

The fracture toughness and flexural strength plotted as a

function of fractal dimension obtained from the HA-based

composites are shown in Fig. 4. It is seen that the fracture

toughness increased monotonically with increasing fractal

dimension, suggesting a good correlation between the frac-

ture toughness and fractal dimension. This is due to the fact

that the fracture toughness is intrinsically associated with the

roughness of fracture surfaces that represents the extent of

fracture energy absorption or consumption. While the flex-

ural strength also became much higher for the composites

caused by the addition of Ti–Fe particles, there was no big

change within the experimental scatter. This could be

understood from the following relationship among the frac-

ture strength rf, fracture toughness KIC, and flaw size a [63],

rf ¼
KIC

2

ffiffiffi
p
a

r

: ð4Þ

It can be seen from Eq. 4 that the fracture strength

would decrease with increasing flaw size. The initial flaw

in the present study could be considered as the pores

present in the HA-based composites. The porosity of the

composites was observed to increase with increasing

amount of Ti–Fe particles [60], thus leading to no further

increase in the strength (Fig. 4). However, a certain amount

of porosity was reported to have a positive effect on the

improvement of toughness in brittle materials via both

eliminating the stress concentration of crack tip and closing

crack [64] that led to the fracture toughness keeping rising,

in spite of its negative effect on the fracture strength.

A relationship between the fracture toughness KIC and

fractal dimensional increment D* for brittle materials has

been proposed by Mecholsky and Mackin [65]:

KIC ¼ K0 þ E a0D�ð Þ1=2; ð5Þ

Fig. 2 SEM images of three-dimensional (3D) fracture surfaces for a HA/5%(Ti–33 wt% Fe), b HA/10%(Ti–33 wt% Fe), and c HA/15%(Ti–

33 wt% Fe)

Fig. 3 Average roughness Sa versus fractal dimension of fracture

surfaces in the Ti–Fe particulate reinforced HA-matrix composites
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where D* is the fractional part of the fractal dimension

(i.e., D* = D - 2), D is the fractal dimension, E is the

Young’s modulus, ao is a characteristic length in the

fracture process, and Ko is the toughness value for smooth

(Euclidean) planar fracture. The data obtained from the

fracture surfaces of HA-based composites with 5, 10, and

15% Ti–Fe particles are plotted in Fig. 5. It is seen that the

fracture toughness versus the square root of the fractal

dimensional increment followed Eq. 5 well. The results

obtained above revealed that the higher the amount of

Ti–Fe reinforcing particles, the higher the roughness of

fracture surfaces, and the higher the fractal dimension,

leading to the higher fracture toughness due to the more

energy absorbed. Therefore, fractal dimension offers not

only a unique approach for the quantitative description of

fracture surface roughness, but also correlates well with

the fracture toughness of Ti–Fe particulate reinforced

HA-matrix composites.

It should be noted that accurately measuring fracture

toughness of brittle materials such as glasses and ceramics

is in general challenging, since creating a sharp pre-crack

under fatigue loading can be difficult without catastrophi-

cally failing the specimen. On the other hand, fracture

toughness data using just notched specimens without pre-

cracking would have erroneously high values [66, 67]. The

indentation technique, being able to be carried out readily

without using sophisticated equipment, had arguably been

established and could give reasonably consistent fracture

toughness values of brittle materials to a certain extent

[68–70]. The indentation fracture toughness also allowed a

comparison of the performance of manufactured parts

since it was reported to be a global value taking into

account anisotropy, flaws, interfacial bond, and toughness

mechanism [71]. In addition, this technique also found a lot

of usage in studying the fracture behavior of ceramic bio-

materials and hard tissues [69, 72, 73]. To minimize the

uncertainty caused by the crack length measurements [74],

the crack lengths were all evaluated under SEM at higher

magnifications in the present study. Therefore, the fracture

toughness values obtained using Vickers indentation tech-

nique were considered to be reasonable. Further studies on

the determination of fracture toughness using directly the

conventional pre-cracked samples are needed.

Conclusions

The fracture surfaces of a new type of Ti–Fe particulate

reinforced hydroxyapatite matrix composites were

observed to exhibit basically fractal characteristics. The

fractal analysis using SEM stereoscopy coupled with 3D

fracture surface measurements revealed a linear relation-

ship between the fractal dimension and fracture surface

roughness. The fracture toughness increased significantly

after the addition of Ti–Fe particles. While no straight-

forward relation between the flexural strength and fractal

dimension was observed due to the effect of porosity,

the fracture toughness increased linearly with the square

root of fractal dimensional increment (i.e., followed the

Mecholsky–Mackin relationship well) due to the presence

of more ductile core–shell Ti–Fe particles and the likely

positive effect of porosity on the fracture toughness in the

brittle materials. It is thus suggested that the 3D fractal

analysis is a suitable tool for quantifying the fracture sur-

faces and for bridging the microstructural parameter and

fracture toughness of ceramic-based composites.

Fig. 4 Variation of fracture toughness and flexural strength with

fractal dimension of fracture surfaces in the Ti–Fe particulate

reinforced HA-matrix composites

Fig. 5 Fracture toughness as a function of square root of fractal

dimensional increment D* (=D - 2) of fracture surfaces in the Ti–Fe

particulate reinforced HA-matrix composites
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